A polychromatic k-coloring of a map G on a surface is a k-coloring such that each face of G has all k colors on its boundary vertices. An even embedding G on a surface is a map of a simple graph on the surface such that each face of G is bounded by a cycle of even length. In this paper, we shall prove that a cubic even embedding G on the projective plane has a polychromatic proper 4-coloring if and only if G is not isomorphic to a Möbius ladder with an odd number of rungs. For proving the theorem, we establish a generating theorem for 3-connected Eulerian multi-triangulations on the projective plane.
Introduction
A surface S means a compact connected 2-dimensional manifold without boundary. A simple closed curve on S is contractible if bounds a 2-cell on S, and is essential otherwise. Moreover, is 1-sided if a tubular neighborhood of is homeomorphic to a Möbius band, and 2-sided otherwise. If S − is disconnected, then is separating.
For a graph G, let V (G) and E(G) denote the sets of vertices and edges, respectively. A graph G is cubic if each vertex of G has degree exactly 3. A cycle is a closed walk with no repeated vertices, and a k-cycle is a cycle of length k. A cycle is even (resp., odd ) if it is of even (resp., odd) length. A vertex of degree k is a k-vertex. A vertex v of G is a cut vertex if G − v is disconnected. Moreover, a subset S ⊂ V (G) with |S| = k is a k-cut if G − S is disconnected. (A subgraph H in G is separating if G − V (H) is disconnected.) Similarly, a cut edge and a k-edge cut are defined for edges. Clearly, if a cubic graph G has a k-cut, then G also has a k-edge cut. A graph G is k-connected if |V (G)| ≥ k + 1 and G has no l-cut for any l < k. On the other hand, G is k-edge-connected if G has no l-edge-cut for any l < k.
Let G be a map on S, that is, a fixed embedding of a simple graph on S. For a vertex v of G, the link of v is the boundary walk of the union of the faces incident to v. A triangulation is a map with each face triangular. An even embedding is a map such that each face is bounded by a closed walk of even length. A quadrangulation is an embedding with each face quadrilateral.
(We sometimes deal with graphs or maps allowed to have multiple edges but no loops, and in this case, we add "multi-" to those graphs and maps.) It is well-known that every even embedding , where it is tight, up to an additive constant. Moreover, Horev and Krakovski [8] proved that every plane graph G with maximum degree at most 3 is (properly) 3-polychromatic if G is isomorphic to neither K 4 nor a graph obtained from K 4 by subdividing one edge by a single vertex.
For bipartite plane graphs, Horev et al. [9] proved the following:
THEOREM 1 (Horev et al. [9]) Every cubic bipartite plane graph is properly 4-polychromatic.
In Theorem 1, "4" is best possible since such a plane graph must have a quadrilateral face, by Euler's formula. Moreover, the result does not hold if we omit the cubicity from the assumption. (See Figure 1 (1), which shows a non-cubic bipartite plane graph with no polychromatic 4-coloring.) In this paper, we consider an analogue of Theorem 1 for even embeddings on P, where P stands for the projective plane throughout the paper. Note that an even embedding is always simple. A Möbius ladder , denoted M k , is an embedding of a 2k-cycle x 1 · · · x k y 1 · · · y k with k edges x 1 y 1 , . . . , x k y k on P such that the 2k-cycle bounds a face, where each edge x i y i is a rung, and the 2k-cycle is its boundary. See Figure 1(2 Similarly to Theorem 1, "4" is best possible by Euler's formula. In Theorem 2, if we omit the cubicity from the assumption, then we can find non-4-polychromatic even embeddings on P. See Figure 2 , in which G 1 and G 2 are non-4-polychromatic even embedding with a 2-vertex and a 4-vertex, respectively. On the other hand, if we omit the evenness of embeddings, then the pentagonal embedding G 3 of a Petersen graph shown in Figure 2 is not 4-polychromatic. Hence the assumption for G in Theorem 2 cannot be weakened.
Figure 2: Non-4-polychromatic even embeddings on P Recently, it has been proved in [12] that a quadrangulation G on a surface is properly 3-polychromatic if the dual 4-regular map of G has no essential "straight closed walk". (In a 4-regular map K, a "straight walk" W is a walk in K such that at each vertex v of W , W passes through e i and e i+2 for some i, where e 1 , e 2 , e 3 , e 4 are edges incident to v lying in this cyclic order.) In particular, this condition is also necessary for a quadrangulation on P to be properly 3-polychromatic. So it is an interesting problem to characterize properly 3-polychromatic quadrangulations on surfaces. Moreover, it will be interesting to consider which quadrangulations on surfaces have polychromatic 3-colorings which are not necessarily proper.
In order to prove Theorem 2, we establish a generating theorem for 3-connected Eulerian multi-triangulations on P, whose dual maps are 3-connected cubic even embeddings with some properties. This has not yet been done in the literature, though the generating theorems for simple Eulerian triangulations are known for the sphere [2] and the projective plane [15] .
Preliminaries
We first prove the necessity of Theorem 2.
PROPOSITION 3 An odd Möbius ladder is not 4-polychromatic.
Proof. Suppose that an odd Möbius ladder M admits a polychromatic 4-coloring. Then for every pair of consecutive rungs e and e of M , the four endpoints of e and e must have four distinct colors. However, since M has an odd number of rungs, it is impossible.
We need the following technical lemmas. Proof. By Euler's formula, we have V − E + F = ε, where V, E and F stand for the numbers of vertices, edges and faces of G, respectively. Since
LEMMA 4 Let
Since each face of G is triangular, we have 2E = 3F , and hence 2E = 6V − 6ε. On the other hand, 2E = ∑ i≥3 iV i . Hence
Hence we have 3V 3 + 2V 4 + V 5 ≥ 6ε. Let G be a map on a surface S. The representativity of G, denoted r(G), is the minimum number of intersecting point of G and γ, where γ ranges over all essential simple closed curves on S. We say that G is k-representative if r(G) ≥ k. If S is the sphere, we define r(G) = ∞, since the sphere admits no essential closed curve. Proof. Suppose that G is a 2-connected 2-representative simple cubic even embedding on S. Then, in G * , each vertex has even degree, and each face is triangular. Moreover, since G has no face bounded by a 2-cycle by the simpleness of G, G * has no 2-vertex. Since G is 2-connected and 2-representative, G admits no simple closed curve passing through a single edge, and hence G * has no loop. Thus G * is an Eulerian multi-triangulation with no 2-vertex.
LEMMA 5 Let

PROPOSITION 6 An embedding
Let K be an Eulerian multi-triangulation on S with no 2-vertex. Then each vertex of K * has degree 3. Moreover, observe that for any vertex v of K, all faces incident to v are distinct. (For otherwise, i.e., if two faces, say f 1 , f 2 , incident to v are identical, then v appears twice in the triangular face f 1 = f 2 , and hence we can find a loop in K incident to v, a contradiction.) Therefore, each face of K * is bounded by an even cycle. So it follows that K * is 2-connected and 2-representative. Hence we shall prove the simpleness of K * . Suppose that K * has a 2-cycle ab. Then K has a pair of neighboring faces A, B corresponding to a, b respectively, where A and B share an edge xy and are bounded by xyz and xyw respectively. Since ab forms a 2-cycle in K * , we may suppose either xz = xw or xz = yw by symmetry. If z = w in the former, then x has degree 2, a contradiction. For other cases, K must have a loop, a contradiction.
Suppose that G is not 3-connected. Since G is cubic, G has a 2-edge cut, say {e 1 , e 2 }. In this case, the two edges e * 1 and e * 2 of G * corresponding to e 1 and e 2 respectively form a 2-cycle e * 1 ∪ e * 2 separating the surface, and such a cycle must be contractible in G * , since every separating simple closed curve is contractible on the sphere, and the projective plane and the torus. Conversely, a contractible 2-cycle in G * corresponds to a 2-edge cut in G. Hence we have the proposition.
LEMMA 7
Let G be a plane bipartite graph each of whose vertices has degree 2 or 3, and let
, then x and y are contained in distinct partite sets of G.
On the other hand, since deg(v) = 2 for v ∈ W , we have a contradiction:
Suppose V 2 = {u, v}, and assume u, v ∈ W for contradictions. Then we again have
This is a contradiction.
PROPOSITION 8 Every cubic even embedding G on the sphere and the projective plane is 2-connected. In particular, if G is non-bipartite, then G is 2-representative.
Proof. Let G be a cubic even embedding on S 0 or P, where S 0 stands for the sphere. If G is not 2-connected, then G has a cut edge, say e = uv, since G is cubic. Since the surface is S 0 or P, G − e admits a contractible simple closed curve γ on the surface such that the 2-cell region bounded by γ contains G 1 and the exterior contains G 2 on the surface, where G 1 and G 2 are two components of G − e, and v ∈ V (G 1 ). Hence G 1 is a plane even embedding such that v is only 2-vertex but all others are 3-vertices. Since every even embedding on S 0 is bipartite, this is impossible, by Lemma 7. Suppose that G is non-bipartite, and hence G must be on P. We first suppose that r(G) = 0, and then G can be regarded as an even embedding on S 0 , which must be bipartite, contrary to the assumption on G. Hence we suppose that r(G) = 1. Since G is cubic, G has an edge e = xy such that G − e is an even embedding on S 0 , where x, y are 2-vertices in G − e. Then G − e is bipartite. On the other hand, since G is non-bipartite, x and y must belong to the same partite set of G − e. However, this is impossible, by Lemma 7.
Generating Eulerian multi-triangulations
The generating theorem for a class C of graphs is a theorem of the following form: There exist a subset C 0 of C (the base set), and a set X of graph operations such that every graph in C can be generated from one of the graphs in C 0 , only through C, by a repeated application of the graph operations in X. Equivalently, every graph G in C can be reduced into one of the graphs in C 0 by the inverse operations of X, only through C. For some classes of embeddings on surfaces, generating theorems are known, for example [2, 3, 4, 10, 11, 14, 15] .
We define two reductions for Eulerian multi-triangulations G on surfaces. Let v be a 4-vertex in G with link v 1 v 2 v 3 v 4 . The 4-contraction of v at {v 1 , v 3 } is to remove v, identify v 2 and v 4 , and replace two pairs of multiple edges with two single edges. The inverse operation is a 4-splitting. Let u 1 u 2 u 3 be a face of G, called the center , and suppose that there is a 3-cycle
The inverse operation is a 3-cycle addition. See Figure 3 . Batagelj proved a generating theorem for simple Eulerian triangulations on the sphere S 0 [2] , that is, every simple Eulerian triangulation on S 0 is obtained from an octahedron by a sequence of 4-splittings and 3-cycle additions. Moreover, Watanabe and Suzuki [15] proved a generating theorem for simple Eulerian triangulations on P by 4-splittings and 3-cycle additions, but the base set consists of 17 maps and three infinite families of maps. In this section, we establish a generating theorem for 3-connected Eulerian multi-triangulations on P.
Let G be an Eulerian multi-triangulation on P and let v be a 4-vertex of G with link xuyp. Suppose that u is also a 4-vertex, and that uvp is a 1-sided 3-cycle, as shown in Figure 4 (1). We possibly have x = y, but we suppose xy / ∈ E(G). The configuration bounded by pxpy is a rhombus, in which p is a foot and each of x and y is a shoulder. Note that the triangular regions bounded by xup and yup might not be faces in G. If both of them are faces of G, then the rhombus is empty. Note that each shoulder is contained in a 1-sided 2-cycle. When x = y, the rhombus is trivial. Figure 4 (2) and (3) show some structures with a 4-vertex v in G, where the shaded regions are not necessarily faces. Note that the disks in Figure 4 stand for maps on P by identifying each antipodal pair of points. In particular, (1) and (3) are obtained by cutting G on P along an essential simple curve, but (2) is obtained by cutting along an essential 2-cycle of G. These structures play an important role in the proof of Theorem 9.
See Figure 5 . Let T 1 be the map of 2K 3 on P shown in Figure 4 (2). Let T k 2 be the map on P consisting of k empty rhombi with a common foot fitting one another, where k ≥ 1 and T 1 2 is an empty trivial rhombus. Let T 3 be the map on P obtained from the configuration shown in Figure 4 (3) by putting a single vertex to each of the two shaded quadrilateral regions. Theorem 9 has an interesting application for chromatic number of Eulerian multitriangulations on P. Observe that if G is reduced to H by a single application of a 4-contraction or a 3-cycle removal, and if H is k-colorable for some k ≥ 3, then G is also k-colorable. Hence, since T 1 , T k 2 and T 3 in Figure 5 have chromatic number 3, 4 and 5 respectively, one can conclude that every Eulerian multi-triangulation on P is 5-colorable.
Mohar [13] proved that every Eulerian multi-triangulation G on P can be constructed from an even embedding H on P by adding a new vertex to each face to join it with all vertices on the corresponding boundary. In this case, G is the face subdivision of H. Moreover, he proved that every 5-chromatic Eulerian triangulation on P is the face subdivision of a non-bipartite even embedding on P containing a quadrangulation as a subgraph. It should be mentioned that the Mohar's result can elementarily be proved using Theorem 9, since every 5-chromatic Eulerian multi-triangulations on P can be reduced to T 3 by these two reductions.
Proof of Theorem 9. We shall prove that every 3-connected Eulerian multi-triangulation on P can be reduced into one of T 1 , T k 2 for some k ≥ 1, and T 3 by a sequence of a 4-contraction and a 3-cycle removal, only through 3-connected Eulerian multi-triangulations. Let G be a 3-connected Eulerian multi-triangulation on P which is minimal with respect to a 4-contraction and a 3-cycle removal, that is, if we let G be any map on P obtained from G by a 4-contraction or a 3-cycle removal, then G is no longer a 3-connected Eulerian multi-triangulation on P. We shall prove that G is isomorphic to either T 1 , T k 2 for some k, or T 3 . In order to determine the structure of G, we use the following claims: Claim 1. Each region ∆ bounded by a 3-cycle is a face of G.
Proof. The same claim was proved for simple Eulerian triangulations in [15] as Lemma 3. So it is easy to see that this holds for those allowed to have multiple edges. Figure 4 . Moreover, (2) and (3) By Lemma 4, G has a 4-vertex, say v, since G is embedded in P. By Claim 2, one of the structures shown in Figure 4 can be found around v in G. Moreover, by Claim 1, if G has a rhombus, then it must be empty. If (2) happens, then G is isomorphic to T 1 .
Claim 2. Every 4-vertex v is contained in one of the configurations shown in
Suppose (1) happens, and then G has a rhombus shown in Figure 4 (1). If x = y, then G is the trivial rhombus T 1 2 , and hence we suppose x = y in the following argument. Consider how we can triangulate the quadrilateral region R, the exterior of the rhombus xpyp, by adding vertices and edges. By Lemma 5, R has a diagonal or an inner 4-vertex. We first suppose that R has a diagonal xy. (We note that R does not have another diagonal, since G has no loop.) In this case, each of the two triangular regions bounded by xyp must be a face, by Claim 1. Hence the resulting map coincides with G, but it is not Eulerian, a contradiction. We secondly suppose that R has an inner 4-vertex, say s. By Claim 2, G has one of the configurations in Figure 4 . Observe that (2) and (3) do not happen, since we cannot take two 1-sided cycles of length 2 or 3 crossing at s. Therefore R contains a rhombus, whose foot must coincide with p. If there is a quadrilateral region, say R , between these rhombi, then we apply the same argument to R . Consequently, G consists of k rhombi fitting together, for some k ≥ 2, and hence G = T k 2 . Suppose (3) happens. Then G has the structure shown in Figure 4 Hence G is isomorphic to either
Let us translate Theorem 9 into the dual form by Proposition 6. The dual operations of a 4-splitting and a 3-cycle addition are a 2-bridging and a cube addition, respectively. See 
Observe that (T k
2 ) * and T * 3 are bipartite, but T * 1 is not. Since the 2-bridging and the cube addition preserve the bipartiteness of graphs, every non-bipartite one can be obtained from T * 1 in Theorem 10, and every bipartite one from (T k 2 ) * or T * 3 .
Proof of the theorem
In this section, we shall prove Theorem 2, using Theorem 10. The following lemma has been proved in [9] implicitly. (The paper [9] focused on only plane graphs, but the method can immediately be used for even embeddings on all other surfaces.) Proof. The lemma can be verified in Figure 7 . Note that (T 1 2 ) * has no polychromatic 4-coloring, since (T 1 2 ) * is an odd Möbius ladder, by Proposition 3. Proof of Theorem 2. By Proposition 3, we consider only the sufficiency. Let G be a cubic even embedding on P. If r(G) = 0, then the embedding G is planar, and the planar case was done in [9] . So suppose r(G) = 1, that is, G admits an essential simple closed curve γ hitting G only once. This happens only when G is bipartite, by Proposition 8. Since G is cubic, we may suppose that γ intersects G at only one edge, say e = xy. Cutting open P along γ, we get a plane even embedding of G − e such that x and y are contained in the outer cycle. Now, joining x and y on the plane again, we get a planar embedding of G, denoted G p . Then, by Theorem 1, G p is properly 4-polychromatic, where G and G p are isomorphic as a graph. Observe that every facial cycle of G p not containing e bounds a face in G, and two faces of G p sharing e merge into a single face of G. Hence the 4-coloring of G p corresponds to a polychromatic 4-coloring of G. Now suppose that G is 2-connected and 2-representative. For contradictions, we suppose that G is a minimal counterexample. We consider two cases, depending on whether G is 3-connected:
LEMMA 11 Let
By the assumption, G is not an odd Möbius ladder. Since G is a counterexample, G is isomorphic to neither T * 1 , (T k 2 ) * with k ≥ 2, nor T * 3 , by Lemma 12. Then, by Theorem 10, G can be obtained from some 3-connected 2-representative cubic even embedding H on P by either a single 2-bridging or a single cube addition. If H has a polychromatic proper 4-coloring, then so does G, by Lemma 11. Therefore, H has no polychromatic proper 4-coloring, and hence H is an odd Möbuis ladder M 2k+1 for some k ≥ 1, since H satisfies the theorem by the minimality of G.
Let P be a unique cubic even embedding on P obtained from M 3 by a single 2-bridging across the hexagonal face. Let Q be a unique cubic even embedding on P obtained from M 3 by a single 2-bridging across a quadrilateral face but it is not isomorphic to M 5 . Let R be a unique cubic even embedding on P obtained from M 3 by a single cube addition. (See Figure 8. ) Since G is obtained from an odd Möbius ladder M 2k+1 by a single application of a 2-bridging or a cube addition, G can be obtained from one of P , Q and R by several 2-bridgings along the dotted segments. Since P, Q and R are properly 4-polychromatic as shown in Figure 8 , we can inductively construct a polychromatic proper 4-coloring of G, by Lemma 11. This contradicts our assumption on G. By the assumption and Proposition 8, G has a 2-edge cut, say {e, e }. Let e = xy and e = x y and suppose that x and x are contained in the same component of G − {e, e }, say H, and the other component is denoted by K. Then G admits a separating simple closed curve intersecting only e and e , and moreover, bounds a 2-cell on P. We may suppose that H is contained in the 2-cell. Observe that each finite face of H is bounded by an even cycle, and hence so is the infinite face of H. Thus H is a bipartite plane graph with deg(x) = deg(x ) = 2 but any other vertex has degree 3. By Lemma 7, we may suppose x ∈ B and x ∈ W in the bipartition V (H) = B ∪ W .
If xx / ∈ E(H) and yy / ∈ E(K), then we letH = H ∪ {xx } andK = K ∪ {yy }. ThenH is a simple cubic bipartite plane graph, andK is a 2-connected 2-representative simple cubic even embedding on P with fewer vertices than G. Otherwise, i.e., if xx ∈ E(H) for example, then {xz, x z } is a 2-edge cut of G too, where z is the neighbor of x other than x , and z is the neighbor of x other than x. Hence, repeating this argument, we can consequently find two disjoint paths P = p 0 p 1 · · · p l and P = p 0 p 1 · · · p l of the same length, say l ≥ 1, in G such that
Then we rename p 0 = x, p 0 = x , p l = y and p l = y , and defineH andK as before. (See the left in Figure 9 .) Let L be the subgraph of G consisting of P, P and the l − 1 edges p i p i . Let F 0 be the face of G containing all vertices of the outer cycle ofH, and let F 1 and F 2 be the face of G containing x, x and the edge p 1 ... (3, 4) . We consider only the former, since the latter is similar.
IfK is not isomorphic to an odd Möbius ladder, thenK has a polychromatic proper 4-coloring c , by the minimality of G. Permuting the four colors in c , we may suppose c (y) = 1 and c (y ) = 2. Now suppose thatK is isomorphic to an odd Möbius ladder with 2m + 1 rungs s 1 t 1 , · · · , s 2m+1 t 2m+1 , where s 1 · · · s 2m+1 t 1 · · · t 2m+1 is the boundary. By symmetry, we suppose (y, y ) = (s 1 , t 1 ) or (s 1 , s 2 ). As shown in the right of Figure 9 ,K has a proper 4-coloring c with c (s 1 ) = c (t 2 ) = 1 and c (t 1 ) = c (s 2 ) = 2 such that all faces, except the face f bounded by s 1 s 2 t 2 t 1 , are polychromatic. Let c G (v) = c (v) for all vertices v of G contained in K.
Since c G is constructed from proper 4-colorings of H, L and K without color collisions in {x, x } and {y, y }, we check that every face of G is polychromatic in c G . Observe that all faces of G except F 0 , F 1 and F 2 are polychromatic in c G , since they are contained in either H, L or K. (Note that this assertion also holds even when K is an odd Möbius ladder, since f is not a face of G.) On the other hand, F 0 , F 1 and F 2 are polychromatic in c G , too. (We note that F 0 and F 1 have x, x , p 1 , p 1 on their boundaries, and F 2 has y, y , p l−1 , p l−1 on the boundary. In both cases, these four vertices have four distinct colors in L.) Thus, c G is a polychromatic proper 4-coloring of G.
